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An effective Hamiltonian scheme is developed to investigate structural and magnetic properties of BiFeO3

nanodots under short-circuit-like electrical boundary conditions. Various striking effects are discovered. Ex-
amples include �a� scaling laws involving the inverse of the dots’ size for the magnetic and electric transition
temperatures; �b� the washing out of some structural phases present in the bulk via size effects; �c� the
possibility of tailoring the difference between the Neel and Curie temperatures, by playing with the size and
electrical boundary conditions; and �d� an universal critical thickness of the order of 1.6 nm below which the
dots do not possess any long-range ordering for the electrical and magnetic dipoles, as well as, for the oxygen
octahedral tiltings.
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Multiferroics can simultaneously exhibit ferroelectricity
and magnetic ordering.1 Such class of materials exhibits a
magnetoelectric coupling that is of high technological rel-
evance, since it implies that electrical properties are affected
by a magnetic field or, conversely, that magnetic properties
can be varied by an electric field. Multiferroics, in their bulk
and film forms, have been intensively studied since the six-
ties �see, e.g., Refs. 2–16 and references therein�. Conse-
quently, an extensive knowledge of multiferroic bulks and
films has been gained and numerous breakthroughs have
occurred.

On the other hand, it is only very recently that efforts
have been directed toward the physics of zero-dimensional
nanoscale multiferroics, with, e.g., the successful growth of
nanometric BiFeO3 �BFO� particles reported in Refs. 17–20.
These pioneering experimental works mostly focused on
magnetic properties of such nanostructures. In particular,
they pointed out the existence of magnetism even for the
smallest grown nanoparticles �of the order of 4–10 nm�—in
addition to report that the Neel temperature decreases as the
size decreases. One may thus wonder if there is any critical
size below which magnetism would disappear. Moreover, the
size dependency of the critical �Curie� temperature below
which ferroelectricity exists is unknown in multiferroic nan-
odots, despite the fact that many important responses �such
as piezoelectric and dielectric coefficients� are maximal at
this temperature. Similarly, the dependency of a physical
quantity that plays an important role on electric and magnetic
properties of BFO bulks and films,16,21,22 that is the oxygen
octahedral tilting, on the dot’s size is an unexplored area.

The aim of this Brief Report is to reveal the effects of the
size on finite-temperature structural and magnetic properties
of BFO nanodots being under short-circuit- �SC-� like elec-
trical boundary conditions, via the use of a first-principles-
based scheme. As we will see, several phenomena of funda-
mental and technological importance are discovered.

Here, we want to accurately mimic finite-temperature
properties of stress-free BFO cubic nanodots, as modeled by
nonperiodic n�n�n supercells �where n is an even integer
ranging between 2 and 16, and whose product by 4 provides
the lateral size of the dot in Angstrom�.23 For that we use an
effective Hamiltonian technique within Monte Carlo �MC�
simulations, for which the degrees of freedom are the local

soft modes ui in unit cells i �whose product with an effective
charge, Z�, provides the electrical dipoles in that cell i�; the
antiferrodistortive �AFD� �i vectors that characterize the
oxygen octahedral tiltings, and whose direction is the axis
about which the FeO6 octahedron of cell i tilts while its
magnitude provides the angle �in radians� of such tilting; the
magnetic dipoles mi on the Fe sites i; and the total strain
tensor �=�H+�I that incorporates both the homogeneous
��H� and inhomogeneous parts ��I�. The total energy of such
effective Hamiltonian is written as

E��ui�,��i�,�mi�,��H�,��I�,��

= EFE-AFD��ui�,��i�,��H�,��I�� +
1

2
��

i

Z�ui · �Edep�

+ EMAG-ANI��ui�,��i�,�mi�,��H�,��I�� . �1�

where EFE-AFD gathers the energetic terms associated with
the ferroelectric, AFD and strain degrees of freedom, as well
as their mutual interactions. Its expression is the one given in
Ref. 24 for bulk systems, except for the long-range electric
dipole-dipole interactions for which we use here the corre-
sponding interactions for zero-dimensional systems under
open-circuit �OC� electrical boundary conditions.25 The sec-
ond term of Eq. �1� represents the depolarizing energy. It
involves the maximum depolarizing field �Edep� �i.e., the one
corresponding to a nonvanishing polarization within ideal
OC conditions, and that is self-consistently calculated as in
Ref. 25� and a screening parameter � that controls the mag-
nitude of the residual depolarizing field. For instance, �=0
corresponds to ideal OC electrical boundary conditions while
�=1 corresponds to ideal SC electrical boundary conditions
�no residual depolarizing field�. Here, we will focus on dots
under SC-like conditions, that is with � slightly smaller or
equal to 1. The third term of Eq. �1� involves the magnetic
interactions �including their anisotropies� and their couplings
with electric dipoles, tilting of oxygen octahedra �including
spin canting� and strain. Its analytical expression is the one
provided in Ref. 26 for BFO bulk, except for the long-range
magnetic dipolar interactions for which the corresponding
interactions for zero-dimensional systems are used.25 All the
parameters of the total energy of Eq. �1� are extracted from
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first-principles calculations on relatively small
supercells.27,28 This total energy is then used in Monte Carlo
simulations with up to 3 000 000 sweeps to equilibrate the
system at finite temperature and get converged statistical re-
sults. Typical outputs of the simulations for each MC sweep
are the supercell average of the local soft modes, u; of the
ferromagnetic �FM� vector, M; of the G-type antiferromag-
netic �AFM� vector22,27 L= �1 /N��imi�−1�nx�i�+ny�i�+nz�i�; and
of the antiferrodistortive vector associated with the R point
of the cubic Brillouin zone22,27

� = �1/N��i�i�− 1�nx�i�+ny�i�+nz�i�.

Note that these sums run over all the N unit cells of the
nanodot and that nx�i�, ny�i�, and nz�i� are the integers locat-
ing the five-atom unit cell i centered around ri= �nx�i�x
+ny�i�y+nz�i�z	a �a being the predicted five-atom cubic lat-
tice parameter at 0 K, and x, y, and z being the unit vectors
along the x, y, and z axes, respectively�. In the following, we
use the “�¯ �” notation to indicate statistical averages of
these quantities over the MC sweeps. Note that first-
principles-based effective Hamiltonian schemes accurately
reproduced striking features of BFO bulks and films,29–31 as
well as complex structures of low-dimensional
ferroelectrics.29–31 Moreover, effective Hamiltonians have
also been previously shown to provide accurate size depen-
dencies of properties in nanostructures, including the disap-
pearance of stripe domains below a 3-unit-cell thickness, and
the square-root dependency of domain width with thickness
�for thicknesses above 3 unit cells�, in ferroelectric ultrathin
films.29,32–36

Let us first investigate a 16�16�16 stress-free BFO
nanodot �its lateral size is thus around 6.4 nm�. Figures 1
report the temperature evolution of the electric, AFD and
magnetic order parameters for ideal SC conditions. More-
over, Figs. 2 display the electric, AFD and magnetic configu-
rations of the resulting ground states. This stress-free BFO
dot, when under ideal SC conditions, exhibits properties that
bear resemblance with those of the corresponding bulk, in
the sense that �i� there is a critical Curie temperature �around
1130 K �Refs. 27 and 28�	, TC, below which electric dipoles
homogeneously lie along the �111	 pseudocubic direction
and below which any two neighboring oxygen octahedra tilt
in antiphase about �111	; �ii� the dot also possesses another
critical temperature �around 685 K �Refs. 27 and 28�	, TN,
below which the 0 D system acquires a G-type antiferromag-
netism combined with a weak spin-canting-induced ferro-
magnetic vector, with the AFM vector lying near a �111�
plane and with the FM vector being nearly perpendicular to
both the AFD and AFM vectors; and �iii� above TC, the phase
is purely antiferrodistortive �as consistent with the experi-
mental findings of Refs. 37 and 38� until a third critical tem-
perature, TAFD, at which the system becomes paraelectric cu-
bic. However, some significant differences also exist
between the properties of this dot under SC conditions and
those of the bulk. For instance, the purely AFD phase exist-
ing above TC occurs in a much narrower temperature range
in the dot than in the bulk: the difference between TAFD and
TC is on the order of 200 K in the 6.4 nm dot versus 350 K
in the bulk.27,28 In other words, size effects tend to suppress

this high-temperature phase that solely exhibits tilting of
oxygen octahedra. In fact, this purely AFD phase is numeri-
cally found to completely vanish in n�n�n nanoparticles
with n smaller than 10, leading to a direct transition from the
paraelectric cubic state to the �rhombohedral� ground-state
phase for dots having a lateral size smaller than 4 nm.

Let us now investigate the size dependency of the TC and
TN critical temperatures of the n�n�n BFO dots for ideal
SC conditions, as well as, for �=0.98—that represents a
point in the short-circuit-like regime having a nonvanishing
depolarizing field. Figure 3 provides such information. It in-
dicates that, for n larger than 4, these transition temperatures
decrease as the dot’s size decreases, as consistent with the
corresponding decrease of the Neel temperature and of the
electrical polarization observed in Ref. 19 for BFO nanopar-
ticles. The inset of Fig. 3 confirms another experimental
finding of Ref. 19, namely, that the magnetic transition be-
comes more diffuse as the dot shrinks in size. These predic-
tions further demonstrate the accuracy of our numerical tool.
Moreover, Fig. 3 reveals that the predicted critical tempera-
tures follow rather well an A-B /n relation—where A and B
are both positive constants for a given transition. Such rela-
tion is consistent with experimental and theoretical findings
that the Curie temperature of ferroelectric nanowires obeys a
1 /d scaling law, where d is the wire’s diameter.39,40 More-
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FIG. 1. �Color online� Temperature dependency of the order
parameters in a BFO nanodot of 6.4 nm lateral size and under ideal
short-circuit electrical boundary conditions. Panel �a� shows the
Cartesian components of the local mode �that is proportional to the
electric polarization�. Panel �b� displays the Cartesian components
of the antiferrodistortive vector, �. Panels �c� and �d� represent the
magnitude of the antiferromagnetic and ferromagnetic vectors, re-
spectively. The x, y, and z axes are chosen along the pseudo-cubic
�100	, �010	, and �001	 directions, respectively.
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over, for the dot under ideal SC electrical boundary condi-
tions ��=1�, TN decreases slightly with n �in agreement with
the observations of Ref. 19� while TC has a more pronounced
variation with the dot’s size �the B parameter of the scaling
law of the ferroelectric transition is around 70% larger than
that of the magnetic transition�. The coupling between mag-
netism and polarization is thus rather weak in BFO dots un-
der SC conditions—as similar to the case of the correspond-
ing bulk.41 A magnetoelectric coupling being weak can also
be guessed by comparing the data for �=1 and �=0.98. As a
matter of fact, the Curie temperature is considerably smaller
for �=0.98 �reflecting the fact that the depolarizing field in
the short-circuit-like regime desires to annihilate the polar-
ization� while the Neel temperature is merely unaffected by
such change in electrical boundary conditions. Interestingly,
the much more pronounced sensitivity of TC than TN with
size and electrical boundary conditions can be used as a route

to bring these two critical temperatures closer to each other.
For instance, for n=4 and �=0.98, the difference between
TC and TN is around 320 K, that is around 24% smaller than
the bulk value of 420 K�20 K. Tuning the size and elec-
trical boundary conditions of the nanodot in the short-circuit-
like regimes can therefore lead to a tailoring of some BFO’s
properties—such as an enhancement of piezoelectric and di-
electric responses, as well as the magnetoelectric �ME� coef-
ficients, just below the Neel temperature. For instance, the
magnitude of the quadratic ME coefficients is increased by
around 30% �respectively, 20%� at 500 K �respectively, 300
K� in the n=6 dot �with �=0.98� with respect to the corre-
sponding values in the bulk.

Moreover, we numerically found that the dot with n=2
has no critical temperature for �=1 and �=0.98. More pre-
cisely, for the dot with n=2, the local electric dipoles and
tiltings of oxygen octahedra fully vanish at any site for any
temperature �for any MC sweep�. On the other hand, the
AFM vector has a magnitude that is still significant at low
temperature for any MC sweep. However, it changes in di-
rection between different MC sweeps, resulting in null Car-
tesian components when averaging over all the MC sweeps.
The critical size, below which electric dipoles, AFD dis-
placements and magnetic dipoles cannot organize themselves
anymore in an ordered fashion, is thus as small as 1.6 nm.
Such prediction is consistent with the fact that various
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FIG. 2. �Color online� Three-dimensional patterns at 10 K for a
BFO nanodot having a lateral size of 6.4 nm and under ideal short-
circuit electrical boundary conditions. Panel �a� shows the electric
dipoles. Panel �b� displays the �i antiferrodistortive motions. Panel
�c� displays the mi magnetic dipoles. The x, y, and z axes are cho-
sen along the pseudocubic �100	, �010	, and �001	 directions, re-
spectively. Only a 3�3�3 inner part of the 16�16�16 dot is
shown here, for clarity.
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FIG. 3. �Color online� Size dependency of critical temperatures
in n�n�n BFO nanodots �whose lateral sizes are nearly 4n, when
given in Angstroms�. The filled symbols correspond to ideal short-
circuit conditions while the half-filled symbols show data for nan-
odots with �=0.98. Lines represent fittings by A-B /n scaling laws.
The inset displays the temperature evolution of the magnitude of the
AFM vector when �=1 for the 6�6�6 and 16�16�16 dots.
Such inset shows that the magnetic transition becomes more diffuse
as the size of the dot decreases �such conclusion is also found for
BFO dots with �=0.98�. The uncertainty of the predicted critical
temperatures is estimated to be 10 K. For each dot, the Neel tem-
perature is identified as the inflection point of the
�
L
�-versus-temperature curve while TC is identified by the jumps
of the local modes �see Fig. 1�a�	.
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experiments17–20 all reported the existence of magnetism for
nanoparticles as tiny as 4–10 nm. This discovery makes BFO
nanodots really attractive for nanotechnology applications.

As shown in Fig. 1�d�, our calculations also predicted a
weak spin-canting-induced FM vector in the investigated
BFO nanodots. Its magnitude is rather small, that is of the
order of 0.02–0.03 �B per Fe site, for any studied size. Such
values are in excellent agreement with some experiments on
thin films42 and in reasonable agreement with some recent
measurements on BFO nanoparticles.18 On the other hand,
they contrast with the magnetization of 0.4 �B reported in
some low-dimensional BFO systems.17 Such latter large
value may be due to a large fraction of uncompensated spins
from the surfaces or oxygen deficiencies in the grown
sample.18,19,43 Note that we also conducted computations on
n�n�n nanodots, with n being an odd integer, since these

latter nanoparticles do possess uncompensated magnetic di-
poles. We indeed found there that such uncompensated di-
poles induce a weak FM moment that increases in magnitude
as the dot’s size decreases. We hope that our findings will
pave the way to more experimental studies on zero-
dimensional multiferroics and prompt further applications in
magnetoelectronics and spintronics.
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